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Error bounds are obtained for quadratic splines satisfying a mean averaging
condition with respect to a nonnegative measure.

1. INTRODUCTION

Recently Schoenberg {5] and de Boor [1] have considered even degree
splines whose integral means between knots agree with the same means of a
given function. Schoenberg has brought out the interest of this kind of mean
averaging condition in statistical problems. Earlier studies on even degree
splines have considered splines which interpolate a given function at the
midpoints of knots. More recently, without making any assumption on the
partition, Marsden [4] has determined the error bounds for quadratic splines
which interpolate a given function at the midpoints of knots. This result is
unlike some results on cubic spline interpolation which depend on the nature
of the partition. Our aim is to show that error bounds similar to those of
Marsden hold for quadratic splines satisfying mean averaging conditions
with respect to a nonnegative measure. It is of some interest to mention that
Varga [7] has considered error bounds for splines satisfying conditions
involving functionals using a different approach.

In Section 2 we study the problem of existence and uniqueness of a
quadratic spline satisfying the mean averaging condition (2.1). Section 3
deals with a special case not covered by Theorem 1 of Section 2. We also give
a best approximation property of the interpolatory quadratic spline when the
number of knots is odd and the interpolant is periodic. In Section 4, we obtain
explicit error bounds when the interpolant is 1-periodic and is either con-
tinuous or € C* or C2,
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QUADRATIC SPLINES 187
2. EXISTENCE AND UNIQUENESS

Let 4 = {0 = x, < xy < * < X, = 1} be a partition of [0, 1] and let
Splm, 4) = {s(x): s(x) e C™ 1[0, 1], s(x)em, for xe(x,,x_.). =090,
1,..., n — 1}, where m is any positive integer. We propose

PrROBLEM A. Let f be a l-periodic locally integrable function with respect
to a nonnegative measure dp. Find s(x)eSp(2, 4) where s5(0) = s(1),
s{0Y = s'(1) and

2y

[ 70 — s du =0,  i=01,0—1. 2.0

If p(x) = x, condition (2.1) has been studied by Schoenberg [5] and also
by Demko and Varga [2]. If u(x) is a step function with jumps of one at the
midpoints of knots, then (2.1) reduces to

ﬁﬁ;;@)—dﬁi;&j:m i=0,1,.,n—1, (2.1a)

which was considered by Marsden [4].
By a suitable choice of dp, it is possible to reduce (2.1) into

S(xz) + s(xz+1) :f(xz) +f(xi+1)7 [= Oa 1:'"7 n— 1L (21b>

We shall return to this special case in Section 3.

The number of parameters in s(x) is # - 2 which agrees with the number
of linear conditions given by (2.1) and the assumption of periodicity.

We shall now need two kinds of representation for the spline s(x) of the
problem. The first one is in terms of s°(x;) = M, ,j =0, 1...., » — 1, and the
second one is in terms of 5(x;)) = s5,,/j =0, 1,...,2 — L.

Let us first find a representation of s(x) in terms of ;. Then 5'(x) is linear
inx;; < x < x,,sothat setting #; = x; — x,_; , we have for x € [x,_; , x;1,

— X))
2h;

s = — 1, SI Ty

2h, 4+, i=1l.,n (22}

Here ¢,’s are constants determined by the continuity requirement of s(x).
Hence

Mhy + hyn) = 2cia — <), j=0,1L.,n—1L (2.5

Set

%y

F, — fi fdu, H;= f’” dp, K, :f (o — %) — x) dues

Lyt -1



188 SHARMA AND TZIMBALARIO

and

@, @y
AP =7 o —xrdu, BY = [ G—xmardn  v=12

) ®y1
forj=1,..,n
If s(x) satisfies (2.1), we get from (2.2)
M;_ M; .
oH; — 2;1 149 4 28 5 B® =F, j=1..,n 2.4
J

Suppose H; # 0 for all j. Then from (2.3) and (2.4), we have the following
system of equations in the parameters M,:

A(Z) B(Z) Aa(—2i—)1
Mia 557 73 3 M [y + ) — I, hj+1H,-+1] 0.5
@ . , '
+ Mj+1 . Bj+1 — FJ+1 . ﬂ ] — 1’_“’ n.

2hjmHiy  Hp  H;

The coefficients of M; ;, M;, M,,, are easily seen to be nonnegative.
A sufficient condition for the existence and uniqueness of the solution of the
system of equations (2.5) and hence of the Problem A is that the matrix
of the system (2.5) is irreducibly diagonally dominant. The difference of the
coefficient of M; and of the sum of the coefficients of M;_, and M, is
easily seen to be

K; i Kin

hiH; © hyaHy

which is certainly >0. Since the matrix of system (2.5) is irreducible, we
shall only require that
| " du>0 for somej]. (2.6)

@, g+

We have thus proved

THaeOREM 1. If (2.6) holds for some j, and H; > O for every j, then there
exists a unique s(x) € Sp(2, 4) which satisfies the conditions of Problem A.

We shall now find a representation of s(x) in terms of its values at the nodes.
Indeed, for x;_, << x < x;, we have

X — X, X; — X
s(0) = T2 4 T =K 4 Dy (= X ) — X),
7

7
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where the constants D, are to be determined from the continuity of s'(x)
and from (2.1). This leads to the following system of equations:

ﬁ%vf:i — Djh; = ﬁzlhl___s? + Dy s j=1..,n
1, 41 @

EJ_B(l) +Sf—1 A(l) +Dh - F1h7 P= 1 ”

Kj B —Kj ; U }(] 5 7 sasey 1o

Eliminating D;’s from the system (2.7), we have the system of equations to
determine s,:

v &) (1)
A U1 B Al
Sk T RS T TR, TR TR,
(1)
{ 1 By ) Fuahin | Fily .
+ Sj+1 }— /2]+1 N KJ+1 ‘ - Kj+1 + Kj (}1 _ 15 27"'9 n()z' 8)

It is easy to see that elements of the matrix of this system are nonnegative,
Under the condition of Theorem 1, we know that s(x) exists and is unique.
Hence system (2.8) has a unique solution. However, we would like to know
when the matrix of (2.8) is diagonally dominant. A sufficient condition for
this is that du be symmetric in each subinterval (x,_; , x;) abont the midpoint.

3. A SpecIAL CASE

In the special case of (2.1b), it is easy to see that condition (2.6) is not
satisfied. However it is still possible to solve Problem A in this case. We seek
the spline S(x) € S(2, 4) such that

S(x,) +SCo,) =1 + fo1s v=0,1.,n—1, (3.1

where f, = f(x,). Denoting again S'(x,) by M, , we get as above the following
system of equations in M,:

thv-1 —{— (hv + hv+1) Mv —{_ hv+1Mv+l = 2(ﬁ~—1 _J{;/—l)a v = 1:---a A,
(3.2)

where M, = M, , 1, = f,. The system (3.2) is not diagonally dominant.
However, we first rewrite (3.2) in the form

h(M,  + M) —2(f, — fi-)) = ~[hu(M, + M, ) — 2(fora — D]
v = 1,..,n,
and if n is odd, we get

hv Mv—-l + Mv) = 2’(](:; _ft‘l—l)= (33}
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whence we have for n odd

n—1
-ﬁ€+v+1 - fk v
M, = — kLA SO
kgo ( ) hk+v+1
As in Section 2, we have for x, ; < x < x,,
ey = R C
S(x) - y—-1 2hu —l_ MV 2h,, + C,, [l (34)

where M,’s and ¢,’s are connected by the following relations because of (3.1):

_ Mv»—lhv
2

Hence it follows from (3.3), (3.4) and (3.5) that S(x,) =/f,, v = L,..., n.
We have thus proved

RS T TS WA Y)

THEOREM 2. For every l-periodic function f(x) there exists a unique
quadratic spline S(x) € S,(2, 4) satisfying (3.1) if and only if n is odd. Moreover,
S(x) interpolates f(x) at the nodes.

Remark 1. If (3.1) is replaced by

S(xv) —I_ OLS(xv—i—l) :.f;l + “ﬁ—%l H v = 1»---: n, (31&)

then the conclusion of Theorem 2 is still valid if o ¢ —1.
We shall now show that the spline S(x) of Theorem 2 has a best approxi-
mation property with respect to the functional L( f) where

L =Y [ {0 +F o+ x— D dx.
g=1"%;-1
More precisely we shall prove
THEOREM 3. Let 4 = {0 = xy < x; < - < X, = 1} be a partition for

a given odd integer n. Let f(x) be absolutely continuous on [0, 1] with f'(x) €
L2[0, 1]. If S; is the interpolatory quadratic spline of Theorem 2, then

L(f — 8) = L(f(x) — S/x)), (3.6)

where S(x) is any 1-periodic spline € Sp(2, 4). Moreover, equality will hold
only if S(x) = Sy(x) + ¢ where c is an arbitrary constant.

Proof. We shall need the identity

L(F(x) — Sp(x)) = L(F) — L(Sp(x))- (3.7
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The proof of this follows on rewriting L(F — S;) as

L) = LD =23 [ [FG) + Flora + 3 — 5 — S7()

9=1"%;51

= SF (X2 + X, — )] [SF () + SF (0 + X, — x)jdx

and on observing that the last sum vanishes on integration by parts.
We observe that if f(x) is I-periodic and if S(x) is any l-periodic
quadratic spline € Sp(2, 4), then

Sis = Sy — 8.
Replacing F(x) in (3.7) by f(x) — S(x), we get
L(f —8) = L(S;_5) + L(f — Sp),
which proves inequality (3.6). In case of equality in (3.6), we have
L(S;_s) = 0.

Let M, denote the slope of the quadratic spline S;_g at x; . Then from the
definition of L, we see that
Mi—-—l + Mj _ 0, ] - 1,..., n

and since n is odd, M; = 0 for all j. Hence S; ¢ = S; — S = ¢, which
completes the proof.

4. ERROR ESTIMATES
In the sequel w(f; ) will denote the modulus of continuity of f.
(a) Letfbe 1-periodic and € C?[0, 1]. Set e(x) = s{x) — f(x) where s{x}
is the quadratic interpolatory spline of Theorem 1 and let ef” = e%{x,),

v == 0, 1, 2. We shall now prove

TueoreM 4.  The following error bounds hold:

lell < ALY + (]2) w(f"; D), (4.1
el < (L) + (d)2) o(f7; D), {4.2)
e | < (1 + (L(A)/4)) w(f"; 4), (4.3)

where 4 = max; b, , 4 = min; h; and

L(d) = max {4®n,2K, , B®h 2K} (4.2
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Proof. From (2.5), we can easily write the system of equations for e,’ as

, A(Z) 1 B(2) A](i)l
ei—l 2h H (h + h9+1) h H hj+1Hj+1
B(-2)
AP .= S
7 2hj+1H7+1 (4'5)
_Fu _F 4 | BY A%
= 5 = g — o (O e —
B(2)

i

Since  f(x) =f; +(x — x) f; + ((x — x)*2) f"(§;), and since f'(x) =
fii -+ (x — x) f(;), where §; , n; lie between x; and x, the right side of (4.5)
becomes

” : B](2) " X A(2) , (2) Y (2)
f (i -!—1) Hy-:ll. f (g) H] +f ( .7) f (7]7+1) J+1

By the classical argument based on the diagonal dominance property, we get
max | e | < L(d) - w(f"; ).

Since €'(x) is linear in each interval (x;_, , x;), the rest of the argument follows
the reasoning in [3, p. 245].

(b) Let fe C[0, 1] and let f be 1-periodic. Then we can prove

THEOREM 5. The following error bounds hold:
el < 41+ A) w(f'; 4), (4.6)

el <+ Ad)) o(f'; D), 4.7)
where
2h,,A(1) +A(2) 2h,,B(1) +B(2)
2K, ’ 2K,

A4 = max

The proof again begins with the system of equations (4.5) and follows the
same lines as that of Theorem 3 with suitable modifications.

(¢) If feC[0, 1] and is 1-periodic, we have to use the system of
equations (2.8). In order to be able to use the diagonal dominance property,
we shall assume that dp is symmetric in each subinterval (x;_, , x;) about the
midpoint. Then we can prove

THEOREM 6. When f is 1-periodic and < C[0, 11, we have
lell < (1 + may (1*H;/Ky) eo(f; 4/2). (4.8)
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The proof is based on the system of equations (2.8) and follows the same lines
as above with suitable modifications. In particular cases when dp is some
specific measure, it may be possible to reduce the constant on the right side
in (4.8). More precisely, in the case of interpolation at the midpoints, we can
get the same constant as in [4, Theorem 2.11.

Exampii. If du = dx, then L(4) = 4 in Theorem 4 and A(4) =4 in
Theorem 5 and in formula (4.8), we get || e|| < Tw(f: 4/2).

Remark 2. Tt is easy to consiruct an example of a measure du which is
not symmetric in any subinterval about its midpoint such that the system of
equations do not have a diagonally dominant matrix. More precisely, if we
interpolate a continuous l-periodic function by quadratic splines at
ax,y + (I — a)x, for a fixed positive small «, (v = 1,....n), then the
estimate for the error e(x) depends on the relative size of successive intervals.

Remark 3. The best approximation property of Theorem 3 can be easily
generalized to general even degree splines with an odd number of knots which
interpolate a given periodic function at the knots.

Remark 4. The estimates (4.1), (4.2) in Theorem 4, (4.6), (4.7) in
Theorem 5, and (4.8) in Theorem 6 do not depend on the mesh ratio for a
large number of measures. It may be of interest to point out that the smallest
value of the constant max; h2H,/K; which appears in (4.8) of Theorem 6
takes its minimum value when we deal with interpolation at the midpoints.
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